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We develop a statistical theory of stimulated Brillouin backscatter (BSBS) of a spatially and
temporally partially incoherent laser beam for laser fusion relevant plasma. We find a new collective
regime of BSBS (CBSBS) with intensity threshold controlled by diffraction, an insensitive function
of the laser coherence time, Tc, once light travel time during Tc exceeds a laser speckle length.
The BSBS spatial gain rate is approximately the sum of that due to CBSBS, and a part which is
independent of diffraction and varies linearly with Tc. We find that the bandwidth of KrF-laser-
based fusion systems would be large enough to allow additional suppression of BSBS.
PACS numbers: 52.38.-r 52.38.Bv
I. INTRODUCTION
Inertial confinement fusion (ICF) experiments require
propagation of intense laser light through underdense
plasma subject to laser-plasma instabilities which can
be deleterious for achievement of thermonuclear target
ignition because they can cause the loss of target sym-
metry, energy and hot electron production [1]. Among
laser-plasma instabilities, backward stimulated Brillouin
scatter (BSBS) has long been considered a serious dan-
ger because the damping threshold of BSBS of coherent
laser beams is typically several order of magnitude less
then the required laser intensity ∼ 1015W/cm2 for ICF.
BSBS may result in laser energy retracing its path to the
laser optical system, possibly damaging laser components
[1, 2]. Recent experiments for a first time achieved con-
ditions of fusion plasma and indeed demonstrated that
large levels of BSBS (up to tens percent of reflectivity)
are possible [3].
Theory of laser-plasma interaction instabilities is well
developed for coherent laser beam [4]. However, ICF
laser beams are not coherent because temporal and spa-
tial beam smoothing techniques are currently used to pro-
duce laser beams with short enough correlation time, Tc,
and lengths to suppress self-focusing [1, 2, 4]. The laser
intensity forms a speckle field - a random in space dis-
tribution of intensity with transverse correlation length
lc ≃ Fλ0 and longitudinal correlation length (speckle
length) Lspeckle ≃ 7F
2λ0, where F is the optic f -number
and λ0 = 2pi/k0 is the wavelength (see e.g. [5, 6]). There
is a long history of study of amplification in random me-
dia (see e.g [7, 8] and references there in). For small
laser beam correlation time Tc, the spatial instability
increment is given by a Random Phase Approximation
(RPA). Beam smoothing for ICF typically has Tc much
∗Electronic address: plushnik@math.unm.edu
above the regime of RPA applicability. There are few
examples in which implications of laser beam spatial and
temporal incoherence have been analyzed for such larger
Tc. One exception is forward stimulated Brillouin scat-
tering (FSBS). We have obtained in Refs. [9, 10] the
FSBS dispersion relation for laser beam which has the
correlation time Tc too large for RPA relevance, but still
small enough to suppress single laser speckle instabilities
[11]. We verified our theory of this “collective” FSBS in-
stability regime with 3D simulations. Similar simulation
results had been previously observed [25].
This naturally leads one to consider the possibility of a
collective regime for BSBS (CBSBS). We present 2D and
3D simulation results as evidence for such a regime, and
find agreement with a simple theory that above CBSBS
threshold, the spatial increment for backscatter ampli-
tude κi, is well approximated by the sum of two contri-
butions. The first contribution is RPA-like ∝ Tc with-
out intensity threshold (we neglect light wave damping).
The second contribution has a threshold in laser intensity.
That threshold is in parameter range of ICF hohlraum
plasmas such as at the National Ignition Facility (NIF)
[1] and the Omega laser facility (OMEGA) [13] exper-
iments. The existence of threshold was first predicted
in Ref. [12] in the limit cTc ≫ Lspeckle, where c is the
speed of flight [14]. The second contribution is collective-
like because it neglects speckle contributions and is only
weakly dependent on Tc. CBSBS threshold is applicable
for strong and weak acoustic damping coefficient νia. The
theory also demonstrates a good quantitative prediction
of the instability increment for small νia ∼ 0.01 which
is relevant for gold plasma near the wall of hohlraum in
NIF and OMEGA experiments [1, 13].
The paper is organized as follows. In Section II we
introduce the basic equations of BSBS for laser-plasma
interaction and the stochastic boundary conditions which
correspond to the partial incoherence of laser beam. In
Section III we analyze the linearized BSBS equations and
find the dispersion relations. In Section IV the convec-
tive versus absolute instabilities are analyzed from the
2dispersion relations. Section V describes the details of
the performed stochastic simulations of the full linearized
equations. In section VI the conditions of applicability of
the dispersion relation are discussed as well as the esti-
mates for typical ICF experimental conditions are given.
In Section VII the main results of the paper are discussed.
II. BASIC EQUATIONS
Assume that laser beam propagates in plasma with
frequency ω0 along z. The electric field E is given by
E = (1/2)e−iω0t
[
Eeik0z +Be−ik0z−i∆ωt
]
+ c.c., (1)
where E(r, z, t) is the envelope of laser beam and
B(r, z, t) is the envelope of backscattered wave, r =
(x, y), and c.c. means complex conjugated terms. Fre-
quency shift ∆ω = −2k0cs is determined by coupling of
E and B through ion-acoustic wave of phase speed cs
and wavevector 2k0 with plasma density fluctuation δne
given by δnene =
1
2σe
2ik0z+i∆ωt+c.c., where σ(r, z, t) is the
slow envelope (slow provided ∆ωTc ≫ 1) and ne is the
average electron density, assumed small compared to the
critical electron density nc. We consider a slab model of
plasma (plasma parameters are uniform). The coupling
of E and B to plasma density fluctuations gives
R−1EEE ≡
[
i
(
c−1∂t + ∂z
)
+
1
2k0
∇2
]
E =
k0
4
ne
nc
σB, (2)
R−1BBB ≡
[
i
(
c−1∂t − ∂z
)
+
1
2k0
∇2
]
B =
k0
4
ne
nc
σ∗E, (3)
∇ = (∂x, ∂y), and σ is described by the acoustic wave
equation coupled to the pondermotive force ∝ E2 which
results in the envelope equation
R−1σσσ
∗ ≡ [i(c−1s ∂t + 2νiak0 + ∂z)− (4k0)
−1∇2]σ∗
= −2k0E
∗B. (4)
Here we neglected terms ∝ |E|2, |B|2 in the right-hand
side (r.h.s.) which are responsible for self-focusing ef-
fects, νL is the Landau damping of ion-acoustic wave
and νia = νL/2k0cs is the scaled acoustic Landau damp-
ing coefficient. E and B are in thermal units (see e.g.
[9]) defined so that if we add self-focusing term I = |E|2
in r.h.s. of Eq. (4) then in equilibrium, with uniform E,
the standard δne/ne = exp(−I)− 1 is recovered.
We use a simple model of induced spacial incoherence
beam smoothing [20] which defines stochastic boundary
conditions at z = 0 for spatial Fourier transform (over r)
components Eˆ(k), of laser beam amplitude [9]:
Eˆ(k, z = 0, t) = |Ek| exp[iφk(t)],
〈exp i[φk(t)− φk′(t
′)]〉 = δkk′ exp(−|t− t
′|/Tc), (5)
where
|Ek| = const, k < km; Ek = 0, k > km, (6)
is chosen as the idealized “top hat” model of NIF optics
[21]. Here 〈. . .〉 means the averaging over the ensemble
of stochastic realizations of boundary conditions, km ≃
k0/(2F ) is the top hat width and the average intensity,
〈I〉 ≡ 〈|E|2〉 = I determines the constant.
III. LINEARIZED EQUATIONS AND
DISPERSION RELATIONS
In linear approximation, assuming |B| ≪ |E| so that
only the laser beam is BSBS unstable, we neglect right
hand side (r.h.s.) of Eq. (2). The resulting linear equa-
tion with boundary condition (5) has the exact solution
as decomposition of E into Fourier series,
E(r, z, t) =
∑
j
Ekj ,
Ekj = |Ekj | exp
[
i(φkj (t− z/c) + kj · r− k
2
jz/2k0)
]
. (7)
Figures 1 show the increment κi of the spatial growth
of backscattered light intensity 〈|B|2〉 ∝ e−2κiz as a func-
tion of the rescaled correlation time T˜c obtained from the
numerical solution of the stochastic linear equations (3)-
(7) (details of numerical simulations are provided in Sec-
tion V), the scaled damping rate µ and the scaled laser
intensity I˜. These scaling quantities are defined as
T˜c ≡ Tck0cs/4F
2, µ ≡ 2νiak
2
0/k
2
m, I˜ ≡
4F 2
νia
ne
nc
I. (8)
Here T˜c has the meaning of the correlation time Tc in
units of the acoustic transit time along speckle. (Note
that definition of T˜c is different by a factor 1/2F from the
definition used for FSBS [9, 10], where units of the trans-
verse acoustic transit time through speckle were used.)
We use dimensionless units with k0/k
2
m = 4F
2/k0 as the
unit in z direction, and k0/k
2
mcs is the time unit. 〈. . .〉
means averaging over the statistics of laser beam fluctu-
ations (5). µ is the damping rate in units of the inverse
acoustic propagation time along a speckle. (See also Fig-
ure 4 below for illustration of intensity normalization in
comparison with physical units.)
We relate κi to the instability increments for 〈B〉 and
〈σ∗〉 (we designate them κB and κσ, respectively). In
general, growth rates of mean amplitudes give a lower
bound to κi. However, according to Figure 2, σ is almost
coherent on a time scale Tc justifying the use of mean
values of amplitudes.
First we look for the expression for κσ. Eq. (3) is
linear in B and E implying that B can be decomposed
into B =
∑
j Bkj with
R−1BBBkj =
k0
4
ne
nc
σ∗Ekj . (9)
Approximating r.h.s. of (4) as E∗B ≃
∑
j E
∗
kj
Bkj gives
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FIG. 1: Spatial increment κi of CBSBS obtained from
stochastic simulations of (3)-(7) compared with the sum of
increments κB +κσ (obtained by solving (16) and (21)). The
scaled damping rate µ = 5.12 is used (e.g. it corresponds to
νia = 0.01, F = 8). (a) 3D simulations with cs/c = 0, I˜ = 2
(circles) and I˜ = 1 (squares). The scaled dimensionless laser
intensity I˜ , µ and the scaled correlation time T˜c are defined
in (8). Solid and dashed lines show κB + κσ for I˜ = 2 and
I˜ = 1, respectively. If κσ < 0 then κB+κσ is replaced by κB .
(b) 2D simulations with the modified boundary conditions,
c/cc = 500, I˜ = 3 (circles) and I˜ = 1 (squares). Error bars
are also shown. Solid and dashed lines show κB+κσ for I˜ = 3
and I˜ = 1, respectively, for both (a) and (b). The details of
simulation method are provided in Section V.
R−1σσσ
∗ = −2k0
∑
j
E∗kjBkj , (10)
which means that we neglect off-diagonal terms
E∗
kj
Bkj ′ , j 6= j
′. Since speckles of laser field arise from
interference of different Fourier modes, j 6= j′, we asso-
ciate the off-diagonal terms with speckle contribution to
BSBS [5, 15, 22]. Neglecting off-diagonal terms requires
that during time Tc light travels much further than a
speckle length, Lspeckle ≪ cTc and that Tc ≪ tsat, where
tsat is the characteristic time scale at which BSBS con-
vective gain saturates at each speckle [18].
Eqs. (9) and (10) result in
R−1σσ 〈σ
∗〉 = −(k20/2)(ne/nc)〈
∑
j
E∗
kj
RBBσ
∗Ekj 〉 (11)
with the Fourier transformed RBB given by
RˆBB(k, z, t) = −icδ(z + ct) exp [i
k2
2k0
z]Θ(−z), (12)
where Θ(z) is the Heaviside step function.
We assume that σ∗ is slow in comparison with Ekj
(consistent with Figure 2) which allows to approximate
fluctuating terms in r.h.s. of (11) as 〈E∗
kj
σ∗Ekj 〉 ≃
〈σ∗〉〈E∗
kj
Ekj 〉 which has the same form as the Bourret
approximation [8] and provides the closed expression for
〈σ∗〉 as follows
R−1σσ 〈σ
∗(r, z, t)〉 = −(k20/2)(ne/nc)
∫ ∫ ∫
dr′dz′dt′
×RBB(r− r
′, z − z′, t− t′)C∗(r− r′, z − z′, t− t′)
×〈σ∗(r′, z′, t′)〉,(13)
where the kernel of the response function RBB(x, z, t) is
the inverse Fourier transform of (12) and the laser beam
correlation function C is given by
C(r− r′, z − z′, t− t′) ≡ 〈E(r, z, t)E∗(r′, z′, t′)〉
=
∑
j
|Ekj |
2 exp
[
ikj · (r− r
′)− i
k
2
j
2k0
(z − z′)
−
∣∣t− t′ − (z − z′)/c∣∣/Tc
]
(14)
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FIG. 2: Normalized autocorrelation functions vs. a dimen-
sionless time shift ∆t for E, B and σ: 〈E(r, z, t)E∗(r, z, t +
∆t)〉, 〈B(r, z, t)B∗(r, z, t+∆t)〉 and 〈σ(r, z, t)σ∗(r, z, t+∆t)〉
with I˜ = 3, T˜c = 0.1 and µ = 5.12 from stochastic simulations
of (3)-(7). It is seen that B is correlated at the same time T˜c
as E while ρ is correlated at much larger times.
4for the top hat model (5),(6) and (7).
We look for solution of (13) in exponential form 〈σ∗〉 ∝
ei(κz+k·r−ωt), then the exponential time dependence of
(14) allows to carry all integrations in (12) and (13) ex-
plicitly to arrive at the following dispersion relation in
dimensionless units
− iω + µ+ iκ− (i/4)k2
= 8iF 4
ne
nc
N∑
j=1
|Ekj |
2
ω csc + κ− k
2
j −
k2
2 − kj · k+ 2i
cs
c
1
T˜c
,(15)
where vectors kj span top hat (5),(6), and I =
∑
j |Ekj |
2.
In the continuous limitN →∞, sum in (15) is replaced
by integral, giving for the most unstable mode k = 0:
∆σ(ω, κ) = −iω + µ+ iκ
+i
µ
4
I˜ ln
1− κ− ω csc − 2i
cs
c
1
T˜c
−κ− ω csc − 2i
cs
c
1
T˜c
= 0, (16)
which supports the convective instability with the incre-
ment κσ ≡ Im(κ) > 0 only for I˜ > I˜convthresh, where
I˜convthresh is the convective CBSBS threshold given by
I˜convthresh =
4
pi
(
1−
8cs
picT˜c
)
−1
. (17)
In the limit c/cs → ∞, the increment κσ is independent
of T˜c which suggests that we refer to it as the collective
instability branch. For finite but small cs/c≪ 1 and I˜ >
I˜convthresh there is sharp transition of κσ as a function
of T˜c from 0 for T˜c = 0 to T˜c-independent value of κσ.
That value can be obtained analytically from (16) for
I just above the threshold as follows: κσ = µ(pi/4 −
2T˜−1c cs/c)(I˜ − I˜convthresh)/(µI˜ − 1) [24].
The increment κB is obtained in a similar way by sta-
tistical averaging of equation (3) for 〈B〉 which gives
R−1BB〈B〉 = −(k
2
0/2)(ne/nc)〈ERσσE
∗B〉 (18)
with the Fourier transformed response function
Rˆσσ(k, z, t) = −icsδ(z − cst) exp [(i
k2
4k0
− 2νiak0)z]Θ(z)
(19)
Then the Bourret approximation (18) results in the fol-
lowing closed expression for 〈B〉:
R−1BB〈B(r, z, t)〉 = −(k
2
0/2)(ne/nc)
∫ ∫ ∫
dr′dz′dt′
×Rσσ(r− r
′, z − z′, t− t′)C∗(r− r′, z − z′, t− t′)
×〈B(r′, z′, t′)〉,(20)
where the kernel of the response function Rσσ(x, z, t) is
the inverse inverse Fourier transform of (19) and C is
given by (14).
We look for solution of (13) in exponential form 〈B〉 ∝
ei(κz+k·r−ωt), then the exponential time dependence of
(14) allows to carry all integrations in (19) and (20) ex-
plicitly to arrive at the following dispersion relation in
dimensionless units
∆B(ω, κ) = iω
cs
c + iκ
+iµ4 I˜
1
κ−ω−iµ−i 1
T˜c
= 0. (21)
Here we neglected the contribution to κB ≡ Im(κ) from
diffraction and used the condition cs/c ≪ 1. Equation
(21) does not have a convective threshold (provided we
neglect here light wave damping) while κB has near-linear
dependence on T˜c : κB ≃ µI˜T˜c/4 for T˜c < 1/µ which is
typical for RPA results. It suggests that we refer κB as
the RPA-like branch of instability.
Solving the equations (16) and (21) numerically for κ
allows to find κσ and κB, respectively, for given ω. We
choose ω = 0.5 in (16) and ω = 0 in (21) to maximize
κσ and κB, respectively. Figures 1a and 1b show that
the analytical expression κB + κσ is a reasonably good
approximation for numerical value of κi above the con-
vective threshold (17) for T˜c <∼ 0.1 which is the main
result of this paper. Below this threshold analytical and
numerical results are only in qualitative agreement and
we replace κB + κσ by κB because κσ < 0 in that case.
The qualitative explanation why κB + κσ is a surpris-
ingly good approximation to κi is based on the following
argument. First imagine that B propagates linearly and
not coupled to the fluctuations of σ∗, so its source is
σ∗E → 〈σ∗〉E in r.h.s of (3). If 〈σ∗〉 ∝ eκσz grows slowly
with z (i.e. if 〈σ∗〉 changes a little over the speckle length
Lspeckle and time Tc), then so will 〈|B|
2〉 at the rate
2κσ. But if the total linear response R
tot
BB (R
tot
BB is the
renormalization of bare response RBB due to the cou-
pling in r.h.s of (3)) is unstable then its growth rate gets
added to κσ in the determination of 〈|B|
2〉 since in all
theories which allow factorization of 4-point correlation
function into product of 2-point correlation func-
tions, 〈B(1)B∗(2)〉 = RtotBB(1, 1
′)S(1′, 2′)Rtot ∗BB (2
′, 2).
Here S(1, 2) ≡ 〈σ∗(1)σ(2)〉〈E(1)E∗(2)〉 ≃
〈σ∗(1)〉〈σ(2)〉〈E(1)E∗(2)〉 and “1”, “2” etc. mean
a set of all spatial and temporal arguments.
IV. CONVECTIVE INSTABILITY VERSUS
ABSOLUTE INSTABILITY
In this Section we show that the dispersion relations
(16) and (21) predict absolute instability for large in-
tensities. We first consider the dispersion relation (16)
which has branch cut in the complex κ-plane connect-
ing two branch points κ1 = 1 − ω
cs
c − 2i
cs
c
1
T˜c
and
κ2 = −ω
cs
c − 2i
cs
c
1
T˜c
.
Absolute instability occurs if the contour Im(ω) =
const in the complex ω-plane cannot be moved down to
real ω axis because of pinching of two solutions of (16) in
the complex κ-plane [16],[17]. To describe instability one
of these solutions must cross the real axis in κ-plane as
5the contour Im(ω) = const is moving down. The pinch
occurs provided
∂∆σ(ω, κ)
∂κ
= 0. (22)
The pinch condition (22) together with the require-
ment of crossing the real axis in κ-plane result in
κ =
1
2
+
1
2
i
√
µI˜ − 1−
cs
c
ω −
cs
c
2i
T˜c
. (23)
Taking (23) together with ∆σ(ω, κ) = 0 from (16) at
the absolute instability threshold Im(ω) = 0 gives the
transcendental expression
µ−
1
2
(µI˜absthresh − 1)
1/2 +
cs
c
2
T˜c
−
1
2
µI˜absthresh arctan
[
(µI˜absthresh − 1)
−1/2
]
= 0 (24)
for the absolute instability threshold intensity I˜absthresh.
Assuming µI˜absthresh ≫ 1 we obtain from (24) the
explicit expression for the CBSBS absolute instability
threshold
I˜absthresh = µ+ 3µ
−1 +O(µ−3) +O(T˜−1c cs/c). (25)
The absolute instability threshold for the second RPA-
like branch (21) is obtained similarly with the pinch con-
dition ∂∆B(ω,κ)∂κ = 0. It gives the absolute instability
threshold for RPA-like branch of instability
I˜absthresh,B = µ
(
1 +
1
µT˜c
)2
. (26)
For T˜c <∼ 1, the threshold (25) is lower than (26) thus
(26) can be ignored.
For µ ≫ 1 the absolute threshold (25) reduces to the
coherent absolute BSBS instability threshold
I˜absthreshcoherent = µ. (27)
For typical experimental condition µ >∼ 5. Then the
absolute instability threshold (25) is significantly above
the convective instability threshold (17). Thus in sim-
ulations described below we emphasize the convective
regime and assume I˜ to be below the absolute thresh-
old.
V. NUMERICAL SIMULATIONS
We performed two types of simulations. First type is
3+1D simulations (three spatial coordinates r, z and t) of
Eqs. (3), (4) and (7) with the boundary and initial con-
ditions (5),(6) in the limit c → ∞ (i.e., setting c−1 = 0
in (3) and (4)). It implies that the phases φkj (t− z/c) in
(7) become only t-dependent, φkj (t). That formal limit
c → ∞, is consistent provided cTc ≫ Lspeckle. Then in
the linear instability regime, the laser field, E, at any
time may be obtained by propagation from z = 0 while
the scattered light field, B is obtained by backward prop-
agation from z = Lz. Time scales are now set by the
minimum of Tc and the acoustic time scale for the den-
sity σ∗. We performed numerical simulation of B and
σ∗ via a split-step (operator splitting) method. E ad-
vances only due to diffraction and is determined exactly
by (7). For given σ∗, B is first advanced due to diffrac-
tion in transverse Fourier space, and then the source term
(r.h.s. of (3) which is ∝ σ∗E) is added for all r = (x, y).
The density σ∗ is evolved in the strong damping approx-
imation in which the d/dz term is omitted from equation
(4). In the regimes of interest, in particular near the col-
lective threshold (17) regime, the dimensionless damping
coefficient in (4) increases with acoustic Landau damp-
ing coefficient, and even for its physically smallest value
of 0.01, the scaled damping µ is approximately 5 while
d/dz is either ≃ κi or 1/10 (an inverse speckle length).
So given E and B, σ∗ may be advanced in time at each
z, for each transverse Fourier mode, or since the trans-
verse Laplacian term is estimated as unity in magnitude
(base on the speckle width estimate of Fλ0), σ
∗ may be
approximately advanced at each spatial lattice point.
Second type is 2+ 1D simulations (two spatial coordi-
nates x, z and t) of Eqs. (3),(4) and(7) with finite value
cs/c = 1/500 (the typical value for the experiment) and
modified top-hat boundary condition
|Ek| = k
1/2 const, k < km; Ek = 0, k > km, (28)
chosen to mimic the extra factor k in the integral over
transverse direction of the full 3 + 1D problem. That
modified top hat choice ensures that the linearized equa-
tions of that 2 + 1D problem give exactly the same an-
alytical solutions (16) and (21) as for the full 3 + 1D
problem. We used again the split step method by inte-
grating along the characteristics of ρ and B and solving
for the diffraction by Fourier transform in the transverse
coordinate x.
We run simulations in the box 0 < z < Lz. For both
types of simulations the boundary conditions for B were
set at z = Lz. We take these boundary conditions as the
Fourier modes of B(r, z = Lz, t) in r with random time-
independent phases. These modes correspond to the ran-
dom seed from the thermal fluctuations. The boundary
conditions for ρ were set to be zero. As the time progress
from the beginning of each simulation, both |ρ| and |B|2
grow until reaching the statistical steady state if the I˜ is
below the threshold of absolute instability (25). Figure 3
shows a typical time dependence of 〈|B|2〉x, where 〈. . .〉x
means averaging over the transverse coordinate x. Be-
cause we solve linear equations (3) and (4), the maximum
value of 〈|B|2〉x grows if we increase Lz as well as the
boundary condition B(r, z = Lz, t) is defined up to the
multiplication by the arbitrary constant. z-dependence
of 〈|B|2〉x in the statistical steady state follows the ex-
ponential law 〈|B|2〉x ∝ e
−2κiz well inside the interval
0 < z < Lz. Near the boundaries z = 0 and z = Lz
6there are short transition layers before solution settles at
e−2κiz law inside that interval. The particular form of
the boundary conditions for B and ρ affect only these
transition layers while e−2κiz law is insensitive to them.
To recover κi with high precision we performed simula-
tions for long time after reaching statistical steady state
and average 〈|B|2〉x over that time at each z (i.e. we
assumed ergodicity). E.g. for T˜c = 0.1 (the time the
laser light travels along ≃ 5 laser speckles) we use 256
transverse Fourier modes and discrete steps ∆z = 0.15
in dimensionless units with the typical length of the sys-
tem Lz = 50 (≃ 5 speckle lengths) and a time step
∆t = ∆zcs/c. For this particular set of parameters it
implies ∆t = 3 · 10−4. For simulation we typically wait
∼ 105 − 106 time steps to achieve a robust statistical
steady state and then average over another ∼ 105 − 106
time steps (together with averaging over the transverse
coordinates) to find κi with high precision. Figures 1a
and 1b show κi extracted from 3 + 1D and 2 + 1D sim-
ulations, respectively.
For the practical purposes it is also interesting to es-
timate the time tini at which the initial thermal fluctua-
tions of |B|2 are amplified by ∼ e20 to reach the compa-
rable intensity with the laser pump. We obtained from
simulations that t˜ini ∼ 0.7 for Lz ≃ two laser speck-
les (relevant for gold plasma in ICF experiments and
corresponds to Lz ≃ 22 in dimensionless units), I˜ = 3
and T˜c = 0.1. In dimensional units for NIF conditions
tini ∼ 20ps which is well below hydrodynamic time (sev-
eral hundreds of ps).
Figure 2 shows normalized autocorrelation functions
〈E(r, z, t)E∗(r, z, t+∆t)〉, 〈B(r, z, t)B∗(r, z, t+∆t)〉 and
〈σ(r, z, t)σ∗(r, z, t+∆t)〉 for T˜c = 0.1. It is seen that the
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FIG. 3: The time dependence of 〈|B|2〉x for 3+1D simulation
with Lz = 50, µ = 5.12, T˜c = 0.1 and I˜ = 3.0. 〈|B|
2〉x is
shown at z = 25. It is seen that after the initial growth,
〈|B|2〉x settles at the statistical steady state with the large
fluctuations around it. The boundary condition at z = Lz is
〈|B|2〉x ∼ 1.
correlation times for E and B are similar while the corre-
lation time for σ is much larger, the more so the smaller
T˜c. This justify the use the analytical approximations of
the Section III.
VI. APPLICABILITY OF THE DISPERSION
RELATION AND ESTIMATES FOR
EXPERIMENT
The applicability conditions of the Bourret approxima-
tion used in derivation of (16) and (21) in the dimension-
less units are
∆ωB∆ωσ ≫ γ
2
0 . (29)
and ∆ωB ≫ (c/cs)|κB| as well as ∆ωσ ≫ µ. Here γ0 is
the temporal growth rate of the spatially homogeneous
solution given by γ20 = (1/4)(c/cs)µI˜. Also ∆ωσ = 1/T˜c
is the bandwidth for σ and ∆ωB is the effective band-
width for B. ∆ωB is dominated by the diffraction in (3)
giving in the dimensionless units ∆ωB = c/cs. Then (29)
reduces to T˜c ≪ 4/(µI˜) and |κB| ≪ 1. Together with the
condition Tc ≫ Lspeckle/c used in the derivation of (16)
and assuming that I˜ ≃ I˜convthresh, it gives a double in-
equality (7pi/2)(cs/c) ≪ T˜c ≪ pi/µ which can be well
satisfied for µ ≃ 5, i.e. for νia ≃ 0.01 as in gold ICF
plasma but not for µ ≃ 50 as in low ionization number Z
ICF plasma. Also |κB| < 1 implies that I˜ > I˜convthresh
because otherwise, below that threshold, κB ∼ −µ which
would contradict |κB| < 1. All these conditions are sat-
isfied for T˜c <∼ 1/4 for the parameters of Figure 1 with
I˜ = 2 or I˜ = 3 (solid lines in Figure 1) but not for I˜ = 1
(dashed lines in Figure 1). Additionally, an estimate for
Tc ≪ tsat from the linear part of the theory of Ref. [18]
results in the condition T˜c ≪ 8I˜/µ which is less restric-
tive than above conditions. These estimates are consis-
tent with the observed agreement between κi = κσ + κB
and κi from simulations (filled circles in Figures 1) for
I˜ above the threshold (17). We conclude from Figures 1
that the applicability condition for the Bourret approx-
imation is close to the domain of T˜c values for which
κi = κσ + κB.
For nominal NIF parameters [1, 10], F = 8, ne/nc =
0.1, λ0 = 351nm, cs = 6 × 10
7 cm s−1 and electron
plasma temperature Te ≃ 2.6keV (Te was recently up-
dated from the old standard value Te ≃ 5keV [23]), we
obtain from (17) that Iconvthresh ≃ 1.1 × 10
14W/cm2
for gold plasma with νia ≃ 0.01 which is in the range of
NIF single polarization intensities. Fig. 4 shows κi in the
limit cs/c = 0, T˜c → 0 from simulations, analytical result
κσ (κB = 0 in that limit) and the instability increment of
the coherent laser beam κcoherent = µ/2− (µ
2−µI˜)1/2/2
(see e.g. [4]). It is seen that the coherent increment sig-
nificantly overestimates numerical increment especially
around Iconvthresh. The convective increment κi has a
significant dependence on T˜c if we include the effect of
finite c/cs = 500 and finite T˜c as in Fig. 1b. Cur-
7rent NIF 3A˚ beam smoothing design has Tc ≃ 4ps im-
plying T˜ ≃ 0.15. In that case Fig. 1b shows that
there is a significant (about 5 fold) change in κi be-
tween I˜ = 1 and I˜ = 3. Similar estimate for KrF lasers
(λ0 = 248nm, F = 8, Tc = 0.7ps) gives T˜c = 0.04 which
results in a significant (40%) reduction of κi for I˜ = 3
compare with above NIF estimate.
The BSBS threshold may be reduced by self-induced
temporal incoherence (see e.g. [25]), which in its linear
regime, includes collective FSBS (CFSBS) which reduces
Tc and laser correlation lengths. For low Z plasma, the
CBSBS and CFSBS thresholds are close while the latter
may be lowered by adding higher Z dopant.
VII. CONCLUSION
In conclusion, we identified the collective threshold
(17) of BSBS instability of partially incoherent laser
beam for ICF relevant plasma. Above that threshold the
CBSBS increment κi is well approximated by the sum
of the collective-like increment κσ and RPA-like incre-
ment κB. That result is in agreement with the direct
stochastic simulations of BSBS equations. Values of κσ
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FIG. 4: κi vs. I˜ for µ = 5.12 obtained from 3 + 1D simu-
lations (squares connected by dashed line, cs/c = 0 and limit
T˜c → 0 taken by extrapolation from T˜c ≪ 1), analytical result
κσ (solid curve) and coherent laser beam increment κcoherent
(dotted curve). The scaled dimensionless laser intensity I˜ and
damping rate µ in units of acoustic propagation time along
a speckle are defined in (8). Upper grid corresponds to laser
intensity in dimensional units Iphysical ∝ Te/λ
2
0 for NIF pa-
rameters and gold plasma Te ≃ 5keV, F = 8, ne/nc =
0.1, νia = 0.01, λ0 = 351nm.
and κB are comparable above threshold while in a small
neighborhood of threshold the value of κi changes quickly
with changing either correlation time or laser intensity to
pass through collective threshold. With further increase
of laser intensity the absolute instability also develops
above the threshold (25).
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